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ABSTRACT

Consider the two-factor crossed components of variance model given
by

Yij =y + Ai + TJ + eiJ for i=1, ..., I53=1, ..., d.

The random variables Ai’ TJ’ eiJ are normal and independent with means zero

and variances o:, og, og. Approximate confidence intervals are presented and

2 2 2 2 = a2 2 2 2
evaluated for the ratios Op = oA/(oA +op+ oe) and o UT/(oA + 0%+ oe).

T




1. Introduction.

Consider the twu-factor crossed Components-of-Yariance model

given by

Y.. = u+ Ai + 7

ij j + eij i=1,2,...15 j=1.2,...0 .

The Ai,T are independent wiobservable candom variables and

s €.
J 1

.

2 2 2
Ay~ N(0,0,°) Ty~ N(0wr%) €5 ~N(0,0%)

p isan unknown parameter, and the Yij are observable random

variables.

The analysis of variance table for this model is given in Tabile 1.

Table 1.
Source d.f. S.S. M.3. E.H.S.
. A
Total 19 ) Yij
Mean | 1972
; i v 2 2l ., 2, 2
Due to A n (1-1) g g (Y1 -V..) ST A A l
Due to T n, =(3-1){ 11 (Y .-7..)2 s? 1o, = Io 2, o
2 2 X .J 2 2 T
_ ¥ ¥ 47 212 . . 2
Error ng T Mg | L2 Wy g TSy st e,
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The random variables YV, 512, 522, 532 are cumplete sufficient
statistics for this problem and nisiz/ei»v-xz(ni)for i=1,2,3 and
are mutually independent. .

An important problem in applied statistics is to ebtain confidence

intervals on various functions of the variance components o 2 2 and

S
2

Oe.

For some well-known functions exact-size conlidence intervals ave
available, but in mary situations exact-size conficence intervals have
not as yet been derived.

For the following important and useful functions exact-size
confidence intervals are known (exact-size means exact confidence

coefficient): 052, oezloAZ, oezloTZ, 052/(052 + oAZ), oezl(oc2 + oTZ),

OAZI(OCZ + OAZ)’ OTZ/(UC2 + oTz). For a discussion of these see Graybill (1976).

Very good approximate confidence intervals are known for oA2
2
and o1

_ For approximate confidence intervals on linear combinations of

UAZ’ OTz, Osz see WClch (1956).

In applied work it is often important to determine the ratios of

the individual variances aAz. °T2 , and ocz to the total variation

(°A2 + OTZ + ocz), i.e., to determine

g * op llop’ + 07" + o))

DT = OTZ/(OAZ + 0T2 to 2)

2 2 2
P = O, /(cA2 top to )

Ty

e e e




4.

There is no method available for setting exact 1l-a confidence
intervals on Pp»Pp» OF P Large sample approximations have
been proposed by Osborne and Paterson (1952).

The purpose of this article is to obtain good approximate 1-a
upper, lower, and two-sided confidence intervals for A and 2
and evaluate how close the approximate confidence coefficients arc to the
specified l-a .

The quantities PA and py are useful in many applications.

Graybill (1976) gives an example of a two-factor crossed components of
variance model without interaction. An investigator wants to examine
the effects of drivers and automobiles on gas mileage. One type of
automobile is used and 20 are selected at random frowm one month's
production. Ten people are selected at random from a large city and

are asked to drive each car for two weeks and record the number of miles
per gallon of gas used for each car for the two-week period. The total
variation in the number of miles per gallon of gas used for this type of
automobile is oi + o% + °§' where oi is the variation due to the cars,
oy is the variation due to the drivers, and 02 is the variation due to
all other noncontrolled factors. The proportion of the variation in the
number of miles per gallon due to the cars is given by op and the
proportion of the variation in the number of miles per gallon due to the

drivers is given by oy
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2. Approximate Confidence Intervals.

In this section approximate confidence intervals on PA and
T will be derived.

First consider a 1-a upper confidence interal on A
denoted by 2A < oy where a is the lower confidence point.

It is simpler to find a 1-a upper confidence interval for
' 2
J’OA 0] - 93

6, = =

and convert this to a confidence interval for PA by using the fact

that
IeA

PA =\TF To, (2.1)
A function gL(L) of the observable random vector Y must be

determined such that

Plg (Y) < 8]

is close to a specified 1-a for all values of the unknown parameters.

2 2
Since Y, $%s S,

s 532 is a set of complete sufficient statistics
for this problem, the lower confidence point should be a function of
these random variables. So a function hL(VZS]z,S 2,532) must be

determined such that W

2.2.2
P[hL(v!S] :Sz as3 ) < 9A] e

is close to a specifiea 1l-ua .

If any constant k 1is added to each observation Yi' the

J
parameter 0, s unchanged so it is reguired tiat hL(Y4k,S]2,522,S32)




remains unchanged. The constant k = - Y 1is chosen and thus -
2 2.2, _ 2 .22, _ 2.2
hL(Y-as] :Sz ’53 ) = hL(O)S] ’52 :53 ) - qL(S] 'SZ

2.2 2
1 ,S2 » and 53 only.

,532), which is a
function of S

If each observation Yij is mu]tip1ied by a non-zero constant
c , the parameter °A is unchanged so it is required that

qL(S]2,522,532) remains unchanged also. The constent chosen is

1/532 SO
2 2 /z 2
2.2.2 175, S 3,
(515,5,5,8,%) = q , <) =l L, 4
Q1577032 93 L\5.2° 32 s 252
. 3 3 3 3

Ct et e

L. . 2,0 2 _ 2,0 2 _
which is a function of S1 /S3 = F] and 52 /S3 = F2 only.
The problem is reduced to determining a function L(F],FZ) such
that
PIL(F},F,) < 6,]

will be close to a specified confidence coefficient 1-a .
. To determine the function L(F],Fz) the following five conditions
are imposed.
1) The confidence interval must be exact when 05 = 0.

When 63 =0 it follows that 532 0 with probability one,

F]'] = 0 with probability one, and eA = e]/e2 . So an exact 1-a

Jower confidence 1imit on eA is
2
51

2
F_. S 4
u.n],n2 2 :

and L(Fl’Fz) must be equal to




i

in order to satisfy this condition.

2) When °A2 +» jt is required that the confidence coefficient
be exact. When oA2 += and oTz,oez are fixed it follows that
8y += with 05104 fixed, and 8 dominates 8y - SO the confidence
fnterval on op should behave 1ike an exact 1-a confidence interval
2 -1

on e, . So L(F].FZ) should bee?ual to S, ain o
3) The confidence interval is required to be exact when
Jd+ and I 1is fixed.
When J -+ it follows that ny o=, Ny o and hence 522 + 0,
in probability and 532 ~ 85 in probability; also,

(5,7 + 32 + (8, + mpoy)
in probability.

Begin with an exact (1-a) confidence interval for 8, given
by

2 -1
1 Fazn e 28

and subtract 532 from the left side and the "equivalent" value 04




PP

from the right side to obtain

2_ -1 2
$ Fa:n],w =S3 20, - 83

Then divide the left and right sides, respectively, by

(522 + n]S32) and the "equivalent" value (92 + n]e3) to obtain
2 -1 2
S\ Fu:n] K S3 8 - 05
z ¥ n,6
2 2 -~ 9
52 + n]S3 2 173

Hence, when J+= the lower confidence point should behave like

4) When I+ and -J 1is fixed the confidence interval is

required to be exact.

For I»= and J fixed it follows that ny»= , niw and ﬁ
51

s]2 + 0, in probability, and 532 > 8, in probability; also,

2 2 X qs
S] - S3 -+ e] - 93 in probabiiity.

Begin with a 1-a exact confidence interval for 8y given by

%

e2 b3 S2 a:w,n2

Add n]S32 to the right side and the "equivalent" value N85 to the
left side to obtain

% +n, 8.2

tn 2 aze,n, 173

8y ¥ Moz <3

Take the inverse of earh side, then multiply the right and left sides

fespectively, by S]2 - 532 and.its "equivalecnt" value 0y - Cq




e o e

to obtain

, 3 , < 8 - €3
= 0, *+ Nn,0
S,°F . .ty + .S, 2 ¥ Moy

Hence, when I»m.L(FI,FZ) is required to behave like

Fy -1

FoF +ny°
2 a.w,n2 1

L(F).F,) =

5) If an a-level test'of Ho:e] =0y Vs, H]:a] > 04 is
accepted the confidence interval should include "zero" and L(F],FZ)
should be increasing in F] for fixed values of F2 .

H_ is accepted iff F] < F . » SO the confidence limit

(v} aily,Ng
should be

?

L(F ) 0 when Fy < Fa tnyang
L(F],Fz) monotonic increasing in F, for fixed values of Fo
when Fl > Fa:n],n3 .

The form of the function that could be used for L(F],Fz) is

a + a]F]

but a more general function will be examined, {i.e.,

a_+aF +aF !

0 11 21
L(F],Fz) =

-
by + byFy + D,F,

where ay and bi which are functions of "1’"2’"3’“ are determined
by requiring L(F1,F2) to satisfy conditions 1), 2), 3), 4), 5)
Substituting condition 1) gives
& LA

5; h Fu:n],n2 (2.2)

A

T e
W . .
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Substituting condition 2) gives

= -1
a4 Fa:nl,w o (2.3)
and hence
-1
by=F . F. (2.4)
1 aing,> aifg,n,
a . . -1
From condition 3) Lima_ =-1, Limb_ =n, , Lima, = F ?
)J—)oo 0 Jeroo 0 1 Jrco ] G.n]:
Lim b, =1, Lim a,=0, Limb, =0
Joe J-re Jro
which are satisfied for those values of ays b] from equations
(2.3) and (2.4).
From condition 4) Lim a_=-1, Limb_ = n s Lim ay = 1,
Ivo © [se © [
Lim b] =F . » Lim 3, = 0, Lim b2 =0 .

a.“" n2

I+ I+ J-se0

Hence the limits of al and b] are consistent for condtions 3)

and 4).

From condition 5) L(F],Fz) =0 if F] < Foip. p. Which implies
173
that
-1 _ .
Bt afy rahy =0t < Fon o,
Now substitute F] = Fu:n],ns into
a_ + a.F -1 =0,

. +a,F |
0 1 aing,ng 2 ainy,ng
let a, be the value given in equation (2.3) and solve for a, .to

obtain

=(-a_ -F -1

a ) ) )F .
2 0 a.n],m a.n],n3 a.n],n3




n
Use the simplest values for a, and b° » namely, a, = -1
and bo =N and obtain
ey e Farm, i (-Fyon, ;am],,.sijmm F
M Fu:nl,«»Fa:n],nzFZ ¥ b2F2
if F] > Fa'n],n3 (2.5)

L)

To determine the value of b, we impose condition 6).

Condition 6;, When HO:cT2 =0 vs. H]:o.l.2 > 0 1is accepted
the confidence interval is required to be exact.

To examine condition 7) we get HO:oT2 =0 vs. leo.l.2 >0 <=

Hoze2 =05 Vvs. H]:e2 > 65 < HozqA = (91-93)/103 VS,

H]:eA < (91—93)/193 . , iy
. _ e 2 _1 {71 _
If Ho is true then °A = JbA /Iac =3 (03 1)

So if Ho is accepted at o level we want L(F],Fz) to be an
exact 1-a lower confidence point for Op -

Ho is accepted iff F2 5-Fa:n2,n3 . An exact l-a lower
confidence point for 91/103 - 1/1 is

2 . -1
S," F_.
] n.n],n3 ) l< 9] - 63
2 I- T
I 53 3
So when F2 < Fa:nz,n3 we want
2. -1
3 Fa:n,,n3 1
LFpfp) = ————" -1
IS3
This is not consistent with the [irsc tive conuitior . so we oaly require

the denominator of (2.5) to be I when condition 6) ix satisfied.
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So set
n+ETV E o F sbF Tl e
} @iny,® aing,n, aihy,Ng 2 aiNg,Ng
and then
b, = (1-F j; mFa'n n,f in,,N )F i
a. ]’ . ]! 2 [« 34 2. 3 o 3 2)"3

and this satisfies Lim b2 =0.

Je

The final result is

- -1 -1 -1
1+ Fu:n ,wFl + (]'Fa:n ,wFa:n ,n,)Fa:n sN F]
- 1 1 1°73 173
HFyoFp) +F T Ft(1-F 71 F =
n N Fo . .
1 @iy, a.n],n2 2 a:ify,= aNy,N, ainy,Ng a.nz,n3 2
2,02 .
if { and
2,6 2
$,°/S," > F |
2 3 G-n23n3
A+ Foe (-] F Fol
a:n],w 1 a:n],w u:n],n3 ainy,Nng ]
L(F,,F,) = (2.6)
1”2 I
2,0 2
. Sl /53 3-Fa:n],n3
if {and
2,. 2
S,°/S, < F .
273 a.nz,n3

_ . 2,.2
L(F.F,) = 0 if 885" < ra;n],ns
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Instead of using L(F].FZ) in equation (2.6), the simpler function
in equation (2.7) will be used; which is obtained from equation (2.5)

by setting b2 = 0 . Note that Lim b2 in equation (2.6) satisfies

]

the requirement in condition 5). So the lower confidence point for 8 is

-1 . -1 -1
-1+ Fain O B (]°Fa:n »® QiNg N Fain ,n, 1
- ] ] 173 1°73
L,(F,,F,) .
AT n+F Il F F
1 a:n],c aingn, 2
2,62 . (2.7)
it S,5/S.° > F |
A ] 3 ‘G-n]!n3
_ 2,0 2
LalFysFa) =0 4f §.5/5,° < F

a:n] ,n3

Note that the confidence interval in equation (2.7) covers the
maximum 1ikelihood estimator of °A » Say 6A . To demonstrate this,

the M.L. estimator of 04 denoted by éA is
6y = (Fy-1)/(Fytny)  if Fy> 1
6, = 0 if Fy<l

and the confidence interval is

-1 - -1
-1+ Fa:n .wF1 * (]-Fa:n by aiNy o N )Fa:n ,N F]
1 o A i L R
ny*+F 7 F. F - A
] Q-n] [ad u.n] ,HZ 2
if Fy, > F,
1 aifly,ng
0<ao <= if FL<F
A ] G-n];ns
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Now
SR A N (S L U L LD L
. a. ], Q.n]f’ -]’3 [+ 34 ],3
-1
FG:ﬂ]a‘”<] *
and
-1
M-
g Fa:n],mFa:n],nz) < 0.
Also
-1 : :
ny ¢ Fa:n],wra:n],nzFZ >Fp by
because

-1
F . F .. > ]
aify e aiiy,n,

So LA(FI’FZ) < SA < o and 6A is in the 1-a confidence interval.
Next consider a lower 1-a confidence interval for eA . A lower

1-a confidence interval for 050 9iven by 0 < o) < Up(ly,F,) can be

readily obtained by replacing o by 1-a in equation (2.7). The

upper 1l1-a confidence point of the lower confidence interval is

given by A
A+ e -Rl F )F F7)
T-a:ny 4= 1 1-a:ny, Y-a:n,,n.’ 1-a:n,,n. 1
_ 1 ] 1’73 1°73
Up(F,5F,) =
A2 n, +F -1 F F
1 l-a:n],m l-a:n],n2 2
if Fo > F (2.8)
] 1 (\.n])n3
Up(FysFo) = 0 if Fy 5_F1_a:n]’n3

The nprocedure for determining this lower confidence point is
similar to that described for the upper confidence point.
From the feormulas for upper and lower confidence intervals in

equation (2.7) and (2.8), the two-sided confidenre interval on r.

"

A I ;
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can be readily obtained. The 1-a two-sided confidence interval for
7Y is given by LR < 0y g_UR » where

1+ F Fi+ (1-F

1 -1
0/2:'\] y®

a/2:n].wFaIZ:n].n3)Fa/2:n].n3F]

k- n,+F; F F
1 a/2:n]p a/2:n],n2 2

A1+ F Fpt Qe Fol

1-a/2:ny, 1-o/2:n = 1-a/2:0y w13 F1eas 20m 10 F
Ux = 8
"M Y Peazzing efleazzen o f

2

This will be proved in Chapter 3.

If either limit is negative it is replaced by zero.

As mentioned in Chapter 1, due to the symmetry in the model, if
a confidence interval fcr on is obtained, the confidence interval
for °T can be easily obtained. The formulas for the confidence
1qtervals for 6y are given below where Oy = IOTZ/(OAZ;OCZ)J. The

1-a  lower confidence point for °T is

-1 -1 ‘ -1
-1+ Fa:n2.~F2 * (]'Fa:nz.wFa:nz,n3)Fa:n2,n3F2
= (2.10)

Ly(FyoFyp) = -
|

2 * %:nz,mFu:nz.n]

The )-a upper confidence point for 8 s

_ -1 g~} -1
1+ F’l-c::nz.u»F + 0 F'I-u:nz,wFl-u:nz.n3)F]-a:n2.n3F2

o - (2.11)

l'a-nz © l‘a.nzqn ]
' ]

- el

g
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The 1l-a two-sided confidence points for 0y are

-1 -1
-1+ F /2 nyuef2 * (1-F /2 n, =l a/2:np00 )Fa/2:n2.n3F2
U -
T
n, + F F
1 +F,°) F.+ (1-F," )F £l
I-u/Z:nz,u 2 1- 0/2 Ny l-a/Z iNosNy Y-af2: iNy,Ng 2
LT = 3 —_——
n, + F F]

1-a/2: iy, 'l af2: NosMy

If any.limit is negative it is replaced with zero.

From the confidence intervals obtained for o4 and oy » and by
equation (2.1) we get the corresponcing confidence intervals for o,
and LI

The 1-a Tlower confidence interval for 7Y is

IL
A
0<op 2 5757
A J o+ IL,
where Ly = LA(F]'FZ) which is defined in equation (2.7).
The 1-a upper confidence intervals for A is
IUA
where U, = UA(FI‘FZ) which is defined in equation (2.8). J

The 1-a two-sided confidence interval for A is

{}; [y
TRmr) oen < \TEIG /

where L} and Uy are defined in equation (2.9).

The Y-a 1lower confidence interval for oq is




17

Oser< \7vr;

where LT = LT(F1’F2) which is defined in equation (2.10).

The 1-a upper confidence interval for Py is

10
TTTU; e e

where UT = UT(FI’FZ) which is defined in equation (2.11).

The 1-a two-sided confidence interval for oy is

' Iu,* IL*
' J+I0E P \T I

Where U; and L; are the confidence points given in the equation
(2.12).
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3. Evaluation of the Methods

In the preceding section confidence point(s) were determined
for upper, lower and two-sided confidence intervals which have exact an
confidence coefficient 1-a for specified restrictions, and for general
conditions the confidence coefficient should be close to 1-a . In
this section methods will be derived to determine how close
the approximate confidence coefficients are to the specified ones.

First consider the upper confidence interval
P[L(F].Fz) <0y < =] =P (e (3.1)

From equation (2.7)

-1 -] -1
']+Fa:n .wF1+(]'Fa:n ,wFa:n N )Fa:n N Fl
1 1 1°73 1°7°3 ifF. > F
L(F,.F,) = Mt Fin wFan nF2 B R
])2 a. -l) . ],2 .
0 if F, < F .
1 a:ing,ng
(3.2)

From Section 1

2,2 . . 2 -
F1 = Si /S3 for 1= 1,2 ; also niS1 /ei Ui

for 1 =1,2,3 are independent chi-square random variables with n,
degrees of freedom respectively.

Consider the follwwing events
A= {L(F].FZ) < 8y Fi> 03 Fp > 0}

Bl = {Fl > Fa:n],n3; r2 > 0 L(F]’Fz) LY
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By = (Fy < Foip i Fp > 05 L(FFy) 2 0) (3.3
So B‘f\ B, =9 and B] UB, = n where

{(;]. oL (FyoF ) HF) > 0 Fy > 03 L(FFy) 2 0}
Clearly PL(eA) P(A). We will write events B, and B, in (3.3) as

By = (Fy > Founn? 3 B2 = (Fy < Foup ) (3.4)

From this we obtain

P_(s,) = P(A|B,)P(B;) + P(A[B,)P(B,)

Pu(og) = PLLIFyFY) < 0glFy > Fipp o JPIFy > P o ]

a. ]’na
+ P[L(F],F ) < eAIF < F azny.n ]P[F] < a nang ]
-1 -1 -1
]*F Ny 1 +(1- Fu n],uFo n],n3)Fu:n1,n3F1
PL(eA) = P . - | 2 0 F]>Fu‘

ny+F 7  F. “Myafy
1 ainy,= aing,n, 2

aifyn 1 2 g tnyang ]

But 8 is always greater or equal to zero so
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and
-1 -1 -1
-H.Fa:n] .QF]+“-Fa.‘n] ,mFu:n] .n3)Fu:n] ,n3 1
P (6,) =P < 8,|F,>F .
1 @:iny - aing,n, 2
x P[Fl > Fu:n oN 1+ P[Fl-i Fa:n sN ] = P] * PZ (3.5)
173 1273
The fir;t term in (3.5) gives
i -1 -1 -1 N
']+Fu:n ,»F]+(]°Fa:n ,@ ain ,n.)Fa:n N F]
- 1 1 173 1°7°3
P, =P < 8, | Fy>F |
1 -1 ~ A1 Y am,,n
" +F n °°F - F2 173
| Q. ]’ a. ], 2 4
. 4RKF  -F - JF Fol ]
QiNy,® 1Y aing,®  aifysNa’ aihg Ny )
1 1 173 173
=P - : X 8 FI>F Ny N
MFaing e ¥ Faino,n, F2 R
by a. ]’ Q. ]’ 2 -l
2¢ 2, 4 4
'Fu:n ,nsl S3 3 +(Fo;:n .w'Fu:n N )Fa:n N S3 ‘
Pp=P ] o~ e e < OlFpFinn
MFaing @53 51 * Farn,an 32 3y 1S
1 1272
. 2. 2 4 4
P] P[-FG:HI’“S] S3 * Sl * (Fu:n],m'Fa:n],n3)Fa:n],n353 a3
2. 2 2. 2
"Faing 123 A Farngn 52 31 %R Farn o,
n 2S 4 942 n 25 4 6 2
e () 2 G o s (3] 2
e] n] a. 1,“ 0-"19“3 aan]) 3 03 n32 -
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2 2
(] . ) n|S] n3§§~ 193 N n]S]
a I 1 7 ] 04 1"3 a:ing,n, A e]
S 8,0
o[ o2
2 nyn, 1 a.n],n
Py = P ru‘ze‘z (F F )F b0y’
=P\ + on wFo. . - < F . .
1 l n]Z aifys® TaiNyNaTaing N, n3b “'"]’w(‘+"]9A)
' 0,6 6,6
1 3 172
x Uiy 5o nyng Fa:n],nzeA U 5. mn, Fp > Fu:n],n3

= 2 P
2

Divide both sides of the inequality by 84 and let Py = eilo3
for 1 = 1,2 to obtain .
U]2 2 U32
Pl =Pl n E + (Fa:n].w'Fa:nl,n3)Fa:n],n3 2 5-Fa:n],m(]+"]eA)
1 n3
u,u P10
173 12
X N, ey ¥ Fa:n],n2 7 nyn, UpUgf Fy > Fa'n],n3
Divide both sides of the inequality by U] to obtain
P, = P o)’ U, + (F F ) Fa:n""3 uy’ F
= —— + - ————— ——
1 n]2 1 aify,® aing,ng’ n32 U] - "al n],m(1+n eA)
U.p PP
3N 172
X ="+ F —_—= U, |Fy > F .
n]n3 a:iny,n, A n]n2 21 a.n],n3
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Let Gy = (nypy)/(nyepe, F

912 aing,ng U32 ' " 3

P] =p ;*E' U] + (Fu:n]’m-Fa:n]’n3) ——-::7?—' -U;-- Fu:n],m(]+n]9A) f %f
1 3 b
PYs) M, ! 1

X < U.|F, > F ] .

n]ns ) er]pz Fa:n]’nz - 2 ] Q-n],n3 &ﬂ

(F... -F . )F. 2 3

P. = p nze] v + a.n), a.n],n3 “'"1’"3 91“ {
! %P2 Foiny,n, ! "31°2% Tazny ., Uy ;
(]+"10A)Fa:n],m {

Uy < U |Fy > F . |1

n]pzqA Fa:n],nz 3 211 a.n],n3 !‘

i

!

1

a: n] ,nz)

=(F ., _-F . )F . (n3p40,8,F . ) (3.6)
2 u.n], c.n])n3 G-n] )n:i/ 3 ] 2 A Qon]"nz

C3 = “*"19A)Fa:n] ,:/(n’lpzeAFa:n],n

2)
Note C] >0, C2 < 0 and C3 > 0. Then

2 :
P, = P[C,U, + C EL-CU<U|F>F ] :
1 11T Ry % 2 0lfy > P o, i
C.U (Uy+0.)  C.U-2  (U+U.)2  c.u '
S ot ot Rt M L A L L i TN )
] (U]+U3) (U]+U3)2 U] (U]+U3) ] 3 f ;
¢

U iF, > F_,
Z1 a.n].n3

E
g-
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U Uy
Let X = Uy +Uss ¥ =g - %0 00 = gy

Then

' 2,1
Py = PIC{YX + Cp(1-Y)Y"'x - C4(1-)X < U, |Fy > Fu:n],n3]

and

. -1 ’ .
PL(GA) = P[C]YX v G (Y'Y)z Yy ox- (:3‘]'”X < Uy Ky >Fa:n],n3

+ P[Fl < F j (3.7)

- u:n]’na

.

. The random variables X, Y, U2 in (3.7) are independent and

\
2 o 2
X~ xngng) Y'“B(“zl ’ ‘23) » U~ (ny)

Now consider the event {F] > F }

ainy,ng . The following events are

equivalent:

2 2
S] e] "352_ 93

n
] .
. s o > =F ;Y
a.n].n3 } 6] n) 63 n3 a:n],n3( .

Up, U U . n U Fa:n ,n.
; : >ﬁg'Fa'n n,{°’ Ul > TTJ—'F : ; s 1> —— L
1 N3 aing,n, 3 MPyp oeinpngtt Uy NaPy

2
. F
Q.n],n

D2
{F] > F 3}: {S] > 53

oy 3
T VO Ae

.
~ PR

-

AN i B Ak

oy W

)

re o o S

J——
2

S
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“ Y)’] Fa n],n a n].n (
; - > . 3-3)
; noey + Ny

Then (3.7) can be wr1tten as

XN =[.’(.c]v + G (1NHT - c3(1-v)>x < Uy

Y > Fq:n],nj/(Fa:n],n3+"2°1)]
+ P[Y hl Fa:n],n/(Fa:n],n;an])]

=P [((c]+c2+c3)v+c2v“ - (2c2+c3))x Uy Y o> A] + P[Y < 2]

=PLg(Y)X < Uy ¥ > a] + PLY <Al (3.9)
where

= -1

A=F (F . + Nyp,) .
' u.n],n3// aihy,n, 21

With probability one Y € (0,1]. |
Consider the function

2 .
(C]+C2+C3)y - (2C2+C3)y + c2

gly) = > Dey <) “

Clearly

2
aly) = 0 iff (C 1¥C,*Cy )y© - (2C2+C3)y +C, = 03
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hence, g(y) has only two zeros for y € R, and they are

2 172

B - 2(c]+tg+c3)

- 2 1/2
5 - (2c2+c3) [c3 -40102]
2 2{c]+c,+c3)

Also Lim g(y) = -=» and Limg(y) = C] > 0. Since g{y) 1is continuous
y-0* y+1
in (0,1] then at least one of the roots (6],62) is in (0,1). But

do(y)

- -2 -y~2
dy = (C]+C2+C3) = Czy = C]+c3+cz(] y ) ’ 0 < y f_]

But for y € (0,1), ( --%5)'< 0 . Also, (C]+C3) >0 and C2 <0,

y
hence, if y € (0,1) then

daly)
w0

So g(y) ic monotonic increasing in (0,1]; also since

Lim+ g(y) = - = and Lim g(y) = ¢G>0, only one of the two rocts
0

]

can be in (0,1]. This gives the following two possible forms for g(y).

9(y)

o
-
(%3
e v YR

Figure 3.1
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b(y)

Figure 3.2

The number & is the root in (0,1); also 1€(0,1) so if g(r) <0
this implies that A < & . Next we show that g(x) < 0 for some value t
of A €(0,1). '

§
|
g(r) = (C]+C2+C3)A + CZA-] - (2c2+c3) ‘

. 4

(c1+c2+c3)Fa:n],n3 : (Fa:n],n3+n2p1) ( )

= + C - {2C, +C
F. ¥ n0q) 2 F_ 2 "3
ainy,ny 2°1 a:inysng
2 2

N (c1+cg+c3)Fa:n],n3+c2(Fa:n],n3+"2°1) '(2C2+C3)Fa:n1,n3(Fa:n],n3+"291) i
Fa:n],n3(F;2n],n3 + nzp]) :

First note that the denominator of g(x) is always positive.
Denote the numerator by N so
= 2 2 2 2
N = (C]+c2+c3)Fu:n + C,F + C,n + 2Cn

. P pqaF
1;n3 2 u.ﬂ],ns 2 2 ] 2 2 1 Q-n],n3

2 2
- 2C2n2p F - CF

- 2 0F 1 aiflyshy 3 aif,ng - C3n2°1Fu:n].n3

2 a:n].n3

2 2 2
= C.F, + C,n,%0, - Cyn,~yF .
1 ainy,ng 2271 321 wiysng
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Replace C,» C,, and Cy by their values in (3.6) and obtain

: 2 : 2 2 2 2.2

n2°1Fa:n],n3 N, " Fu:n].wFa:n],n3 =N ? Fa:n],n3 |
N = " T + r

MP2% Tain ., "31°2% azny on,

2, .,
", (eAnl+‘)p1Fa:n],wFa:n].n3

n3920AFa:n],n2

L2 2 2 2 2 2.2 2
[bZ 8 Fu:n].n3'n2 . Fu:n],n3+Fa:n],wn2 Py M2 [ (eAn1+])Fa:n],«]Fa:n],n3 l
N = \
|

Nap1050,F
3F172°A aing,n,

- 2 2
a.n],. U-n]gn3 2 ] A ]

=

Napapn0afF:
3F1P2°A ainy,n,

2 2
ANy P F iy e azny o0
_ 1 ",
N30 1P 284 Fa:n],nz

So the numerator is always negative which implies that g(A) will
always be negative; and hence, X < § .
Summarizing these results give
a) g(y) >0 iff y> & for y e (0,1)
b) 0 <x<6 <1 ' (3.10)
c) gly) <0 iff y € (xr,8)

Using these facts to evaluate

Plg(Y)X < U,; Y > a) in (3.9)

25
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we obtain

=PLg(Y)X < Ups ¥ > A[x < ¥ < 8] P[x <Y <8]
+ P[g(Y)X < UZ; Y > alY > 8] PLY > &§]
=1 . PLr< Y < 6]+ [g(V)X < Ui ¥ A5 Y > 6]
=P <Y <8) +PLO(Y)X < Up; ¥ > 8]

= Fy(é)“ FY(A) + P [g(Y)X < Upi Vs 6]

where °

Fy(y) = PLY <yl
From the original probability in (3.9) we get

PLlog) = Fyl8) = Fy(x) + PLG(Y)X < Ui Y > 61+ Fy (a)

= Fy(6) + PLO(Y)X < Upi ¥ > &) (3.11)
Also
PLO(Y)X < Ups ¥ > 61=P[g(Y)X + X < Uy + X; Y > 6]
U2 + X
= Plg(Y) + 1 < X Y > 5]
-1 X . .
= P[[Q(Y) + 1] im—- Y > 6] (3.12)
2
Let Z

X/(X#Uz) ; It follows that Z s distributed as Beta with
+n

e M TR
parameters ( 5 , 77) . Also, let n; be an even integer so that
2

i
"1/2 = my for i =1,2,3 and hence the m; are positive integers.

If X], XZ‘ X3ure independent chi-square random

variables with figs My My degrees of freedom, respectively, and

B *hs ey ¢-ap-em TP S A




29
X X+ X%
Lo s sl Vo s+
1 v % AHtX X

then Y], Y2 are mutually independent Beta random variables with
parameters (ml/z, m2/2) and ((m]+m2)/2,m3/2) respectively.
From the result in (3.12) we obtain (let v denote [g(y) +1]'])

P (o) = P[la(1)n1)7 2 ;¥ > ] + Fye)
L (my,m,) ' my-1 m,=-1 m,+m,=1 m.,- 1
=rv(s)+ff7—7n‘]—37§—27 y U (e T T (1) az
6 0
Vg- (m m.,) m,-1 m,-1 m +m-1
s F (6) +ff ﬂ}b,; y 1 (1-y) 3 4 173

m,~-1
2 m,=-1 m,-r-1
X Zo ( Zr)(l)" (-z) 2 dz dy
"‘=

a1 mzor-'l
271 87 (mq smy)r(my)(-1)
= FY(G) + ;0 B(m]+m3,mz)r(r+1)I‘(mz—r)

- ORI
m,=- m,- e
X fy V(- 3 f g (myHmptma=r=2) 4 4y

-r-1
M2-1 8" (m],m3)r(m2)( 1) "

PL(eA) s FY“) * rz=:0 B(m]+r1 ,m2)1(r+')ﬂm -r)
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| ma=1 -(m]+mz+m3-r-1)
o f v o Gl dy
' 1¥ma*ms

-r-1

_ m
ml (1) 2
= Fy(s) + ;g% (51;1)1(m3_])g(ﬁé-riTj!r!(m]+m2+m3—r-]7

1 m-1 my-1
3 y 17 (1-y)

{
¢ [9(y)+1]

—— dy (3.13)
my#m,+ma-r 1)

From the expression in (3.13) we will compute PL(eA) .

Next consider the lower confidence interval
PLoy < U (F|.F,)] = Py(s,) (3.14)

From equation (2.8) it follows that

] -1 -1

-1+ Py an .~F1 * (]'Fl-a:n .mFl-a:n \N )Fl-a:n o 1
1 1 173 1'73
U(F1 IFz) = ‘] -
. n] * F‘-G:n] 9¢F]"(l:n] ,n2F2
2,0 2
if S] /53 > F1--<:r.'n],n3
. (3.15)
= 2
Substitute equation (3.15) into (3.14) to obtain
PU(eA) = P[[g(Y) + 1]'] <% Y > 6] (3.16)

where Y ~ Bata (m].m3) , and Z ~ Beta (m]fm3,m2); Y and 2Z

are independent.
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o) = (CpepCydy + Gy - (20y) (3D b

8§ 1is the largest root of g(y).

The C's in g{y) are obtained by changing the a's to

1-a's {n the equation (3.6). So we have

2 T .ngpl
VYL
]Azl_a.n])n'z

(Fl-u:n].w'Fl-u:n].ns)Fl-a:n]iﬁg

. c = (3-]8)
2 "3"1"29AF1-u:n],n2

(]+“1°A)F1-a:n],n

C. =
3 "1°2°AF1-a:n,.n2

Note Cy >0, Cy>0; and C2 >0 if n >2,n, > 2, and

a < .10.

Consider the function g(y) 1in equation (3.17) . Clearly
9y) =0 Iff  (Cp#CrtCqly - (2C,+C3)y + C, = O;

hence, g(y) has only two zeros for y € R and they are

2 1/2
o o (2C5) + 0474010,
1 2(C, ¥ C, * C3) ]

2 4n o q1/2
. (2C,#C,) - [C4°-4C4cC,]
2 2 FC, ¢+ T)

Also Lim g(y) == and Lim g(y) = C] >0 .
y-0* y+
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Since g(y) 1s continuous in (0,1], then either both of the two roots N
of g(y) are in (0,1], or neither of the roots are in the interval
(0,11, or the two roots are complex and not real. B8ut A € (0,1] so

that g(r) < 0 . For

Fy ..
l-a.n],n3

A=
3 . + p.N
]‘a-n]gn3 1 2

(3.19)

2 2
'°A°l "2 Fl-a:n1.-F1-u:n].n

N3p1P 204 Fl-a:n].n

3

. g(x) = < 0

2

This follows from the proof of (b) in Equation (3.10).
From the above it is clear that the two roots of g(y) are in

(0,1 , which results in the following form for g(y).

F(y)

Figure 3.3

From equation (3.16) we evaluate PU(eA) as follows

~r-1
(m]+m2+m3-1)!

m
mz‘] (_]) 2
Pylen) = P Ty YTy =TT T =7~ TT T (i i -7
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v
)
X f ym]-l(]-y)m:;-l (m;lmz+m3-r-‘l) v11 dy
8 [a(y)+1] (3.20)
The gggfgjggg_confidence interval is
PILy(FyoFp) <8y < u](rl,rz)] = P,(e,) (3.21)

where L](F].Fz) is given by (3.2) with o replaced by a/2 and
U](F],Fé) given by (3.15) with 1-a replaced by 1-a/2 .
To show (3.21) let A and B be the following events

Then
' P,(8,) = P(AN\B) (3.22)

From (3.22) we obtain

Paea) = P(ANYB) = 1 - P(ATYB) = 1 - P(RUB)

=1 - [P(R) + P(B) - P(ANE)]

=1 - P(A) - P(B)+ P(ANE) (3.23)
Also

P(R) = 1 - PL(8p) s P(B) =1 - Pylen)
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and

PR E) = P(oy < LIFFpdi U(FyFy) < 0,) = 0

\
if L(F],FZ) < U(F],FZ) with probability one. Next we will show

that this is indeed the case for n, >2, n,>2 and o< .10 . He

nust prove
-] -1 -1
| Fu:n],ori * ("Fu:n].aFa:n].n3) Fu:n,.naFI
. -1

> ™ + Fa:n].wFu:n].nzFZ

21+ F]) Fy + (1-F) F ) £l
< ]'G:n]:"' ] ]'G:n-‘,"’ ]'01"]."3 ]’0:"1’n3 1
< T

F

" + F]-a:n],wFl-a:n],n2 2

which we write as

-1 . -1
n o+ Gk - M rGh

This implies
U(FyoF,) < L(F)AF))
To prove equation (3.24) we use Lemma 1, 2, and 3. (See Ghosh (1973)).

lemmal, F is decreasing in ny if n > 2, n,>2

O:n] .nz z ._. -9
a<.10.
Lemna 2, Fa:n‘,nz is decreasing in " if ny > 2, n, > 2,
a < .10.
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Lema 3. F,_ ... , 1s Increasing in n, if n;> 2 R
i R '
n2_>.29¢1.]9.
Proof: |
Fo:nf.n2 5_Fa:n],n2 if ny > " (by Lemma 2).
So

-1 -1
l-a:nz,n7 < F]-a‘nz,n]

And from this the resuit follows.

Using the Lemmas in expression (3.24) we have

1) C, < C; since

-1
Fl-a:n],arl-a:n],n2 hl Fa:n].wFa:n],n2
then
-1 -1
M * Y N * 52
2) ) <F] so Ay <A
aify, = ]'°:"1’ 1 =72
and
-1 -1
mrGF, = T,
-1 -1
3) Fa:n] ’“Fc:n] ’03 l F]"a:n‘l QDF]-a:n] ’n3
so~
-1 -1
- Fa:n].«»Fu:n],n3 - F]-a:n].wFlfa:nl,n3
and

1

(1-F -o:n],wF]-a:n],n3

a:n1.~Fa:n].n3) b ("Fl

e e
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- -1 F ’
(]-Fu:n] ’“F“:n] ,HB)FG:n] )n3 i (] F]‘u:n] ’“F]‘G:n] ,n3) ]"u:n] ’n3
then B, 5_82
and

-7 -1
ny + c]F2 - n + C,F

22

Gofng back to (3.23) we get

P,(e,) = 1 - (I-PL(eA)) - (1-pu(eA)) +0

Po(ey) = P (0y) + P(ep) - 1 (3.25)

Numerical integration will be used to evaluate the integrals

in PL(eA) . Pu(eA), and Pz(eA). The method used is Simpson's Rule
which gives

b .
f f(y)dy :v% [f(a) + 4f(ath) + 2f(a+2h)
a i :

+ 4f(a+3n) + 2f(a+4n) + ... + 2f(a+(n-2)n) + 4f(a+(n-l)h)

+ f(b)]

where h 1s the length of the subintervals inwhich (a,b) has been

partitioned. We used h = .001. ’ .
Various combinations of sample sizes were cnosen, and for each

of the combinations several sets of 1 . and Pg s and different
a's were used.
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A 1ist of the values of I, J, Pys Pos and o used is given
below

(1,J) : (3,3)3(3,7)3(3,11)5(5,3)3(5,5);(5,11)3(7.3);
(7,7)3(7,11)5(9,3)5(9,9)5(9,11)3(11,3)3(11,7);{11,11)

0,20 % ¢ 003, 1, 10, 100 (4.1)
o240 2 1 0, 1, 10, 100
1-a : .90, .95, .975, .99
d] =] + J oAz/(.ve2
Py = 1+1 °T2/°e2

The results are given in Tables 2, 3, and 4. The first five columns
in each table show the I, J, Nys Nos and ny values. Each of the remaining
columns give the results for the specified 1-a confidence coefficients.
For each of these columns the ranges that the confidence coefficients vary

(as P and p, vary over their allowable values) are shown.
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The approximate confidence coefficients corresponding to the

lower confidence intervals are very close to the specified ones, shown

in Table 2. The approximate confidence coefficients for the upper
confidence intervals range from values very close to the specified ones
to some high values, shown in Table 3. Similar results haold for the
two-sided confidence 1imits shown in Table 4.

For 1 fixed the range of the confidence coefficients is closer to
the nominal value when J increases. For J fixed the upper bound of
the range is higher when 1 increases. So the confidence coefficient
will be better when J is large. However, in general the approximate

confidence procedures seem adequate if 1 and J are each 5 or bigger.
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Table 4 : }

Range of confidence coefficients for a two-sided confidence !

interval on o, '

]
‘1
1 9 n n, 1-a=.90 1-a=.95 %

i 3 3 2 2 4  .90103 - .93208 .95072 -..97000
3 7 2 6 12 ,90043 - .91349  .95030 - .96000 P
3 M 2 10 20  .89950 - .90849  .94827 - .95702 k
5§ 3 4 2 8  .B0096 - .93896  .95062 - .97273 &

E 5 5 4 4 16  .90077 - .92684  .95051 - .96725
| 5 1M 4 10 40  .89929 - .91272  .95031 - .95884 {
7 3 6 2 12  .90094 - .94310  .95604 - .97436 ;
7 7 6 6 36  .89871 - .92475  .94984 - .96607 |
7 1 6 10 60  .89896 - .91673  .94955 - .96130 |
9 3 8 2 16 .90092 - .94619  .95059 - .97647 |

9 9 8 8 64  .89835 - .92374  .94929 - .96546

9 11 8 10 80 .89878 - .92016  .94938 - .96334

N3 10 2

-
-
~
-
(=4
[+,

60 .89790 - .93203 .94926 - .97006
100 .89868 - .92315 .94927 - .96510

-
o
-
pu
—t
o
-
o

i
f
20 .90090 - .94863 .95058 - .97782 !
1
|
|
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